This paper answers the question of Anderson, Frazier, Lauve, and Livingston: for which finite commutative rings R is the zero-divisor graph Γ (R) planar? We build upon and extend work of Akbari, Maimani, and Yassemi, who proved that if R is any local ring with more than 32 elements, and R is not a field, then Γ (R) is not planar. They left open the question: "Is it true that, for any local ring R of cardinality 32, which is not a field, Γ (R) is not planar?" In this paper we answer this question in the affirmative. We prove that if R is any local ring with more than 27 elements, and R is not a field, then Γ (R) is not planar. Moreover, we determine all finite commutative local rings whose zero-divisor graph is planar.
Introduction
All rings considered in this paper will be non-zero commutative rings with identity. Recall that an element a of a ring R is said to be a zero-divisor if there exists a non-zero element b of R such that ab = 0.
Let Z(R) denote the set of zero-divisors of a commutative ring R. Let Γ (R) denote the zerodivisor graph of R defined as follows: The vertices of Γ (R), V (Γ (R)), are precisely the elements of the set Z(R) − {0}. If v 1 and v 2 are two vertices of Γ (R), then v 1 is adjacent to v 2 if v 1 = v 2 and v 1 v 2 = 0. For example, the zero-divisor graph of Z 16 is shown in Fig. 1 , and Fig. 2 shows the zero-divisor graph of Z 4 [X]/(X 2 ). A finite ring R, being Artinian, is isomorphic to a finite product of Artinian local rings. Thus if R is a finite ring, then R ∼ = R 1 × R 2 × R 3 × · · · × R n for some n 1 and each R i is an Artinian local ring.
For notation, we let K n represents the complete graph on n vertices, and K m,n the complete bipartite graph with part sizes m and n. We will repeatedly use Kuratowski's theorem, which states that a graph is planar if and only if it does not contain a subdivision of K 5 or K 3,3 [3, p. 24, §I.4] .
When working with polynomial rings, say K[X]/I , we will let x denote the coset X + I . Our goal in this paper is to determine all finite commutative rings whose zero-divisor graphs are planar, thus answering a question of Anderson, Frazier, Lauve, and Livingston [2, Question 5.3] "For which finite commutative rings R is Γ (R) planar?" In [1, Section 1], it was shown that if (R, m) is a finite local ring, m = 0, and |R| > 32, then Γ (R) is not planar. Then they pose a question [1, Remark 1.5] "Is it true that, for any local ring R of cardinality 32, which is not a field, Γ (R) is not planar?" In this paper we will answer this question in the affirmative. We show that if (R, m) is a finite local ring, m = 0, and |R| > 27, then Γ (R) is not planar. We also determine all finite commutative local rings R whose zero-divisor graph Γ (R) is planar.
Direct products of rings and rings of lower order
Let R be a finite ring. Then, as noted above, R ∼ = R 1 × R 2 × R 3 × · · · × R n for some n 1 and each R i is an Artinian local ring. Akbari, Maimani, and Yassemi consider four cases in their article When a zero-divisor graph is planar or a complete r-partite graph [1, p. 173] . The first case is n 4.
If n 4, then
The second case that Akbari, Maimani, and Yassemi consider is n = 3 or
The third case they consider is n = 2, R ∼ = R 1 × R 2 . They show that if R is isomorphic to
In all other cases, Γ (R) is not planar.
The fourth and final case that Akbari, Maimani, and Yassemi consider is n = 1, R ∼ = R 1 . They conclude that if (R, m) is a finite local ring, m = 0, and |R| > 32, then Γ (R) is not planar. Then, they pose an interesting question: "Is it true that, for any local ring R of cardinality 32, which is not a field, Γ (R) is not planar?" We will answer this question in the next section, but for now we analyze local rings of lower order.
Knowing that Γ (R) is not planar if |R| > 32, we need only look at the finite commutative local rings R with maximal ideal m where |R| 32. We will need the following proposition, which is well known. 
and
Let us consider when p = 2. F 8 is a field, so its zero-divisor graph is the empty graph. Both An alternate, simpler proof is to note that the maximal ideal m satisfies |m| 5 in all these cases, so the graph has at most four vertices and is thus planar.
Proposition 3. If R is isomorphic to one of the following two rings of order 27:
F 3 [X, Y ]/(X, Y ) 2 or Z 9 [X]/ 3X, X 2 ,
then Γ (R) is not planar; for all other rings R of order 27, Γ (R) is planar.
Proof. Consider when p = 3 in the list of local rings of order p 3 above. Since F 27 is a field, its zero-divisor graph is the empty graph. It can be checked that Γ (
, and Γ (Z 27 ) are all planar; their graphs are what one gets from K 2, 6 by joining the vertices in the set of two together. The vertices x, y, x + y, 2y, 2x are all adjacent to each other in Γ (
is not planar. Finally, the vertices 3, 6, and x are all adjacent to x + 3, 2x + 3, and x + 6 in Γ ( 
then Γ (R) is not planar; for all other local rings R of order 16, Γ (R) is planar.
Proof. Consider local rings of order p 4 , p a prime. We need only to consider when p = 2.
Recall that when (R, m) is a finite local ring with maximal ideal m, then |m| divides |R|. So when |R| = 16, we have that either |m| = 8 or |m| = 4 or |m| = 2 (if m = 0 then R is a field).
In [4] , Rings of Order p 5 , Corbas and Williams conclude that the non-isomorphic commutative local rings with identity of order 16 are precisely the following 21 rings:
Consider the ring
. In this ring, the zero-divisors are In the next section we will answer the question: "Is it true that, for any local ring R of cardinality 32, which is not a field, Γ (R) is not planar?" [1, p. 173].
Commutative local rings of order 32
In this section we prove the following. 
The two rings of this type are
Note that for both of these rings we have |m 2 | = 4 and |m 3 | = 2. For these rings, the two sets {x 2 , x 3 , x 2 + x 3 } and {y, x 2 + y, x 3 + y} from m show that the zero-divisor graph contains a K 3,3 .
1.2.2.
There are three rings of this type:
All three are non-planar by part (2) of the lemma, as we have |m| = 16 and |m 2 | = 4 and m 3 = 0 for a ring of type 1.2.2.
1.3.
There are four rings of this type:
For these rings, we have |m 2 | = 2. For the first three rings, {x 1 , x 2 1 , x 1 + x 2 1 } and {x 2 , x 3 , x 2 + x 3 } form a K 3,3 in the zero-divisor graph. For the last ring, {x 1 , x 2 x 3 , x 1 + x 2 x 3 } and {x 2 , x 3 , x 2 + x 3 } form a K 3,3 .
Z 2 [X, Y, Z, T ]/(X, Y, Z, T ) 2 .
This ring has m 2 = 0 and |m| = 16 and so is not planar by (3) of Lemma 1.
2.1.a.
For these rings, |m 2 | = 8, |m 3 | = 4, |m 4 | = 2. Thus by Lemma 1(1) the zero-divisor graphs are not planar.
2.2.a.
There are 6 rings of this type. For a ring of this type, |m 2 | = 4 and m 3 = 0. Thus Γ (R) is not planar by (2) of Lemma 1.
2.2.b.
There are two rings of this type, namely
In this case, 2 ∈ m 2 , m 3 = 0 and 2m = 0. In these two rings, {2, y, y + 2} and {x, x 2 , x + x 2 } form a K 3,3 , and hence their zero-divisor graphs are non-planar.
2.2.c. The three rings of this type are
In this case we have 2 ∈ m 2 , m 3 = 2m = 0. For these rings the sets {2, 2x, 2 + 2x} and {y, 2 + y, 2x + y} work in all three cases.
2.2.d.
Here 2 / ∈ m 2 , 2m = 0. We have m 2 = {0, x 2 , x 3 , x 2 + x 3 } and m 3 = {0, x 3 }. Use {x 2 , x 3 , x 2 + x 3 } and {2, 2 + x 2 , 2 + x 3 } to see that Γ (R) is not planar for a ring R of this type.
2.2.e.
Here 2 ∈ m 2 , 2m = 0. For both rings we have m 2 = {0, 2x, x 2 , x 2 + 2x}. For the first ring m 3 = {0, 2x} and for the second m 3 = 0. The sets {2x, x 2 , 2x + x 2 } and {2, 2 + 2x, 2 + x 2 } work in both cases.
2.3.
There are the following 10 rings of this type.
2.3.a. The four rings
Use {x 1 , x 2 , x 1 + x 2 } and {2, x 3 , 2 + x 3 } for the first. The same for the second and the third. For the fourth, use {x 1 , x 2 , x 1 + x 2 } and {2, 2 + x 1 , 2 + x 2 } to see that Γ (R) is not planar.
2.3.b. The three rings
In these rings we have m 2 = {0, y} and m 3 = 0, where in the first two cases y = x 2 1 and in the third y = x 1 x 2 . In all cases {2, y, 2 + y} and any other three form a K 3,3 .
2.3.c. The three rings
, and
In these rings we have m 2 = {0, 2x}. For these rings we may use {2, 2x, 2 + 2x} and {y, 2 + y, 2x + y} to see that the zero-divisor graphs are not planar.
2.4.
There is only one ring of this type, namely,
There are 16 elements in the maximal ideal m and m 2 = 0; hence the zero-divisor graph contains a K 5 .
3.1.
If R is one of these rings, then Γ (R) is non-planar by Lemma 1(1).
3.2.1.
There is only one ring of this type, namely
It is not planar, since {x 2 , 4, x 2 + 4} and {x 2 + 2, x 2 + 4, 2} show that the zero-divisor graph contains a K 3,3 .
3.2.2.
All four rings are non-planar as the maximal ideal m has 16 elements and |m 2 | = 4 and m 3 = 0.
3.3.
The sets {x 1 , x 2 , x 1 + x 2 } and {2, 4, −2} work for all four rings.
4.
There are two rings:
For both of these rings the maximal ideal m has 16 elements, |m 2 | = 4 and m 3 = 0. Thus we are done by Lemma 1(2).
For the ring R = Z 32 we have Γ (R) is non-planar by Lemma 1(1).
This completes the proof of Proposition 5. 2
Conclusion
Recall in [1, p. 171] , it was shown that if R is a commutative ring with identity, R ∼ = R 1 × R 2 × R 3 × · · · × R n for n > 1, then Γ (R) is planar only if R is isomorphic to one of the following rings:
Also, in [1, Section 1] it was shown that if (R, m) is a finite local ring, m = 0, and |R| > 32, then Γ (R) is not planar. We know that if R is a finite local ring, then |R| = p n for some prime p and some positive integer n. Thus, to determine all finite local rings that have planar zero-divisor graphs, we only needed to consider the local rings R with the following orders: |R| = 4, |R| = 8, |R| = 9, |R| = 16, |R| = 25, |R| = 27, and |R| = 32. In Proposition 2 it was shown that if R is a finite local ring of order 4, 8, 9, or 25, and R is not a field, then Γ (R) is planar. It was shown in Proposition 3 that if R is isomorphic to one of the following two rings of order 27: Hence, by the above propositions, we have determined all finite local rings R whose zerodivisor graphs are planar. In general, we have shown that for any local ring with more than 27 elements, the zero-divisor graph is not a planar graph. Also, if we combine our results with the results of Akbari, Maimani, and Yassemi [1, p. 173] mentioned earlier, we see that all finite commutative rings whose zero-divisor graphs are planar are determined with one generality, thus answering the question of Anderson, Frazier, Lauve, and Livingston mentioned previously [2, Question 5.3] "For which finite commutative rings R is Γ (R) planar?"
